We discuss the thermal conduction and convection of thermally relativistic fluids between two parallel walls under the gravitational force, both theoretically and numerically. In the theoretical discussion, we assume that the Lorentz contraction is ignored and spacetime is flat. For understanding of the thermal conduction and convection of thermally relativistic fluids between two parallel walls under the gravitational force, we solve the relativistic Boltzmann equation using the direct simulation Monte Carlo method. Numerical results indicate that strongly nonequilibrium states are formed in vicinities of two walls, which do not allow us to discuss the transition of the thermal conduction to the thermal convection of thermally relativistic fluids under the gravitational force in the framework of the relativistic Navier-Stokes-Fourier equation, when the flow-field is under the transition regime between the rarefied and continuum regimes, whereas such strongly nonequilibrium states are not formed in vicinities of two walls under the nonrelativistic limit. * yano@k.u-tokyo.ac.jp 2
I. INTRODUCTION
In the early epoch of universe, the space is filled with high energy partons, whose thermal energy is larger than Λ QCD [1] , which enables us to assume the asymptotic freedom of partons. In this paper, we assume that partons are approximately expressed with hard spheres under the asymptotic freedom of partons in the early epoch of universe to simplify our discussion. Of course, the collisional differential cross section depends on the momentum transferred between two colliding partons, and the collisional deflection-angle also depends on the momentum, which is transferred between two colliding partons in the energy-regime of the asymptotic freedom [1] [2] . In particular, we characterize the thermal energy of partons using the thermally relativistic measure, namely, χ = mc 2 / (kθ) (m: mass, c: speed of light, θ: temperature, k: Boltzmann constant), whereas we assume that m is large enough to realize χ → 0 by not m → 0 but θ → ∞. Additionally, Λ QCD ≪ mc 2 is assumed. Consequently, thermally relativistic fluids are characterized by χ ≤ 100. Additionally, we assume that the asymptotic freedom of partons always consists under χ ≤ 100.
In our previous studies, we discussed thermally relativistic fluids with dissipation, which are composed of hard spherical partons, such as the shock layer or thermal fluctuation under the equilibrium state [3] . Meanwhile, the characteristics of the thermal conduction and convection of thermally relativistic fluids under the gravitational force, which are composed of hard spherical partons, have not been understood, adequately. In this paper, we investigate the thermal conduction and convection of thermally relativistic fluids under the gravitational force in flat spacetime for understanding of the thermal conduction and convection of thermally relativistic fluids under the gravitational force in the early epoch of the universe.
Of course, such an assumption of flat spacetime is inadequate to discuss the thermal conduction and convection of thermally relativistic fluids under the gravitational force in the early epoch of universe, because spacetime is markedly curved in the early epoch of universe [4] . We, however, consider that our present study of the thermal conduction and convection of thermally relativistic fluids under the gravitational force in flat spacetime will be useful for understanding of the thermal conduction and convection of thermally relativistic fluids under curved spacetime in the early epoch of universe.
The thermal conduction and convection of thermally relativistic fluids under the gravitational force in flat spacetime are studied by investigating the thermal conduction and convection between two parallel walls, which exist at x = 0 and L, as shown in Fig. 1 .
Temperatures of two walls (θ w − : temperature of the cold wall at x 1 = 0, θ w + : temperature of the hot wall at x 1 = L) are different, namely, θ w − < θ w + , whereas the gravitational force is defined by g = (g 1 , g 2 , g 3 ) = (g, 0, 0) (0 < g). In particular, the thermal convection via such a gravitational force is called as Rayleigh Bènard convection [5] . For example, two parallel walls correspond to thermal bathes (energy sources) in the early epoch of universe.
In this paper, we investigate the characteristics of the thermal conduction and thermal convection, namely, Rayleigh Bènard convection of thermally relativistic fluids, both theoretically and numerically, whereas effects of Lorentz contraction are ignorable owing to |u| ≪ c (u: flow velocity). Our previous studies [3] indicated that the relativistic NavierStokes-Fourier (NSF) equation is efficient for the analytical comprehension of the weakly nonequilibrium state such as thermally fluctuations under the static state, when the Lorentz contraction is ignorable and thermally relativistic effects are dominant. This paper is organized as follows. In Sec. II, we define the Rayleigh number for thermally relativistic fluids on the basis of the relativistic NSF equation to introduce the theoretical value of the critical Rayleigh number in appendix A. In Sec. II, temperatures on two walls, which define the Rayleigh number, are not defined, analytically. Thus, we consider temperature jumps on two walls on the basis of Grad's 14 moments equation coupled with Fourier law in Sec. III. Here, we must notice that temperature jumps on two walls are calculated using the method [6] , which has been used to calculate the temperature jump of the non-relativistic gas on the wall as a half-space problem [7] , whereas Israel-Stewart equation, which was applied to describe the boundless Truesdell's uniform shear flow by Yano-Suzuki [8] , cannot be applied to describe the profiles of Grad's 14 moments on the wall, because the distribution function is discontinuous on the wall. In Sec. III-A, we find analytical solutions of the density and temperature under the pure conductive state under two limits, namely, nonrelativistic limit (χ → ∞) and thermally relativistic limit (χ → 0). Finally, we calculate temperature jumps on two walls in the framework of Grad's 14 moments coupled with the Fourier law under two limits using the analytical solution of the temperature under the pure conductive state. In Sec. IV, we numerically investigate the characteristics of the thermal conduction and convection of thermally relativistic fluids under the gravitational force by solving the relativistic Boltzmann equation on the basis of direct simulation Monte Carlo (DSMC) method [9] [3] . Numerical results, however, indicate that the tran-sition of the thermal conduction to the thermal convection of thermally relativistic fluids under the gravitational force cannot be discussed in the framework of the relativistic NSF equation owing to strongly nonequilibrium states in vicinities of cold and hot walls, when the flow-field is under the transition regime between the rarefied and continuum regimes.
In particular, the temperature jumps on two walls increase in accordance with the decrease in the temperature, because the representative relaxation rate [10] decreases in accordance with the decrease in the temperature, when Knudsen number is fixed. As a result, we cannot use the Rayleigh number as a parameter, which characterizes the transition of the thermal conduction to the thermal convection, under the transition regime between the rarefied and continuum regimes. Finally, we make concluding remarks in Sec. V.
II. DEFINITION OF RAYLEIGH NUMBER FOR THERMALLY RELATIVISTIC FLUIDS
The relativistic NSF equation is written for thermally relativistic fluids with zero Lorentz contraction in acausal form as [3] 
where ρ is the density, u = (u 1 , u 2 , u 3 ) is the flow velocity, p is the static pressure, g i is the
, in which K n is the n-th order modified Bessel function of the second kind, Π ij is the deviatoric stress tensor, Q = (Q 1 , Q 2 , Q 3 ) is the heat flux vector, and
is the specific heat at the constant volume.
The formal difference between the thermally relativistic NSF equation and nonrelativistic NSF equation is a term G in Eq. (2) . Consequently, the form of thermally relativistic NSF equation coincides with the form of the nonrelativistic NSF equation, when G = 1.
Π ij in Eq. (2) and Q in Eq. (3) are written in the framework of the NSF law as follows [3] 
where η is the viscosity coefficient, ζ is the bulk viscosity, and λ is the thermal conductivity, which are calculated for hard spherical partons by Cercignani and Kremer [10] on the basis of Israel-Stewart theory.
Provided that the flow is incompressible, we can rewrite Eqs. (1)- (3) as
Next, we assume that quantities can be expressed with those under the background state and their perturbations as
where
Equation (7) yields the following relation under the static state, namely, u = 0
Subtracting Eq. (10) from Eq. (7) and dividing both sides of Eq. (7) by ρ 0 G 0 , we rewrite Eq. (7) using Eq. (9) as
where we used approximations δu i ∂δG ∂t
Setting δρ ∼ 0 in the first term of the left hand side of Eq. (11) and second term of the right hand side of Eq. (11), Eq. (11) is rewritten as
Substituting Eq. (9) into Eq. (8), we obtain the linear balance equation of energy by neglecting nonlinear terms
where we used the relation
To nondimensionalize Eqs. (12) and (13), we introduce following relations
Substituting Eq. (14) into Eq. (12), we obtain
where Pr = ηc p /λ is Prandtl number.
Here, we use Boussinesq's approximation:
From Eq. (16), we readily obtain
Substituting Eq. (17) into Eq. (15) and dividing both sides of Eq. (15) by U 2 /L, we obtain
Here, we rewrite Eq. (18) using the relation U =λ/L as
where δp ′ = δp/ρ 0 andPr = Pr /G 0 .
Dividing both sides of Eq. (19) byPr, we obtain 1 Pr
where Ra =gL 3 α (θ 1 − θ 0 ) / λη is the Rayleigh number for thermally relativistic fluids, and e is the unit vector.
Finally, Ra for thermally relativistic fluids is
is the specific heat at constant pressure.
Provided that thermally relativistic fluids are composed of hard spherical partons with mass m and diameter d, we obtain Ra using definitions of η and λ for hard spherical partons, which were calculated by Cercignani and Kremer on the basis of Israel-Stewart theory [10] , as Ra = 256 45
where In above discussion, θ ± are not defined. Then, we consider temperature jumps on two walls by calculating analytical solutions of the density and temperature under the pure conductive state in the next section.
III. TEMPERATURE JUMPS ON TWO WALLS IN THE FRAMEWORK OF GRAD'S 14 MOMENTS EQUATION COUPLED WITH FOURIER LAW
In this section, we calculate temperature jumps on two walls in the framework of Grad's 14 moments equation coupled with the Fourier law using analytical solutions of the density and temperature under the pure conductive state, where we discriminate the pure conductive state from the conductive state (u = 0) by u = 0.
A. Analytical solutions of density and temperature under pure conductive state
Substituting u = 0 into Eqs. (2)- (3), we readily obtain following two relations using Eqs. (4) and (5) and λ for hard spherical partons on the basis of Israel-Stewart theory [10] under the steady state.
whereρ = ρ/ρ ∞ andθ = θ/θ ∞ are uniform in x 2 direction. As a result,ρ andθ are functions ofx 1 .
Calculations of solutions of ρ (x 1 ) and χ (x 1 ) in Eqs. (23) and (24) are markedly difficult.
Thus, we calculate solutions of ρ (x 1 ) and χ (x 1 ) under the thermally relativistic limit (χ → 0) and nonrelativistic limit (χ → ∞) in Eqs. (23) and (24).
From Eqs. (23) and (24), we obtain solutions ofρ (x 1 ) andθ (x 1 ) under the thermally relativistic limit (χ → 0) as
where a =θ(1)−θ(0), b =θ(0), c = −Fr/2, and C = 1 0ρ
θ(0)(= θ − ) andθ(1)(= θ + ) must be determined by considering the temperature jump on B Temperature jumps on two walls in the framework of Grad's 14 moments equation coupled with Fourier l the wall.
From Eqs. (23) and (24), we obtain solutions ofρ (x 1 ) andθ (x 1 ) under the nonrelativistic
B. Temperature jumps on two walls in the framework of Grad's 14 moments equation coupled with Fourier law
The temperature jump on the wall is explained in the framework of Grad's 13 moments under the nonrelativistic limit with the good accuracy, when Kn ≤ 0.01 [6] . Here, we consider temperature jumps on two walls in the framework of Grad's 14 moments equation coupled with Fourier law using the analytical solutions of the density and temperature in Eqs. (25)- (28).
At first, the distribution function of partons is approximated by Grad's 14 moments equation (f 14 ) on the basis of Israel-Stewart theory, which is defined by [10] 
where p α is the four momentum of a parton, U α is the four velocity, Π is the dynamic pressure, π αβ is the pressure deviator, and f (0) is the Maxwell-Jüttner function, which is defined by
where n = ρ/m is the number density.
Equation (29) is reduced to the following form using relations, |u| /c ≪ 1 and π ij / (ρc 2 ) ≪ 1 (i = j), which is numerically confirmed,
where 
where χ 
where we used T 01 ≃ q 1 under |u| /c ≪ 1 (T αβ : energy-momentum tensor) [10] .
Substituting f 
B Temperature jumps on two walls in the framework of Grad's 14 moments equation coupled with Fourier l
Substituting the NSF law in Eqs. (4) and (5), and u 1 /c ≃ 0 into Eq. (34), we obtain
χ (x 1 ) andñ (x 1 ) can be calculated under two limits, namely, χ → 0 and χ → ∞ in Eqs.
(25)-(28).
Substituting dχ
± /C , which are obtained under the thermally relativistic limit (χ → 0) from Eq. (26), into Eq. (35), we obtain
where Fr = 2/ (gχ + ) (g = c 2 /L). Equation (36) defines χ ± for the pure conductive state under the thermally relativistic limit (χ → 0). Similarly, we obtain the equation for the pure conductive state from Eqs. (27), (28) and (35), which defines χ ± under the nonrelativistic limit (χ → ∞) as
whereñ ± =ρ ± /m is obtained by Eq. (27), respectively, and Θ + = 1 and Θ − = 0. We investigate two parameters, which evaluate temperature jumps on two walls, namely, Here, we must confirm whether marked differences between ∆θ − and ∆θ 1 +q
where we used relations,Ũ α = U α /c ≃ (1,ũ 1 , 0, 0),Π ∼ 0 and
Zero-flow in normal directions to two walls yields relations
Continuum conditions of π 11 on two walls yield relations
where we used T 11 ≃ π 11 under |u| /c ≪ 1.
Substituting f ± 14 in Eq. (38) into Eq. (33), we obtaiñ
Substituting f ± 14 in Eq. (38) into Eq. (40), we obtain 1 2ñ
Finally, Fourier law, which is obtained from Eqs. (5), (27) and (28), yields the relatioñ
From Eqs. (42)- (45), we obtain eight nonlinear equations for eight parameters (χ ± ,ũ Temperature jumps of the nonrelativistic gas on two walls can be described using the first order theory on the basis of the NSF law, as discussed by Stefanov et al [5] , when Kn = 0.01. The temperature profile is expressed with
where θ 0 = θ − and θ 1 = θ + .
To eliminate the gradient of the pressure in Eq. (20), we rewrite Eq. (20) using the vorticity.
Equation (20) can be rewritten as
where we used the relation δū · ∇δū = ∇ δū·δū 2 + δω × δū.
Taking the curl of Eq. (A2)
where we used the relation that the curl of a gradient is equal to zero.
Substituting δω =∇ × δū and ∇ × δω × δū = δū · ∇δω − δω · ∇δū into Eq. (A3), we
Two dimensional flow yields following relations
Equation (A4) is rewritten using Eq. (A5) as
Substituting Eq. (14) and U =λL into Eq. (13), we obtain
Substituting Eq. (A1) into Eqs. (A6) and (A7), we obtain by neglecting all the nonlinear terms 1 Pr
δū 1 , δū 2 and δω 3 are expressed with the stream function ψ as
Substituting Eq. (A10) into Eqs. (A8) and (A9), we obtain 1 Pr
We set ψ and δθ ′ as
Substituting Eqs. (A13) and (A14) into Eqs. (A11) and (A12), we obtain
σ > 0 yields the instability and σ < 0 yields the stability of the convection. Then, we consider the case of σ = 0.
Substituting σ = 0 into Eqs. (A15) and (A16), we obtain
Substitutingψ (x 1 ) = exp (ξx 1 ) into Eq. (A17), we obtain six roots
From Eq. (A18),ψ = 5 i=0 A i exp (ξ ix1 ) (i = 0, 1, 2, 3, 4, 5). We consider three types of the boundary condition as follows Rigid boundary for two walls
Slip boundary for two walls dū
Slip boundary for hot wall dū
The case of the slip boundary for the hot wall and rigid boundary for the cold wall might be significant, when the density on the hot wall is rarefied by the transfer of fluids from the hot wall to cold wall.
From Eqs. (A15), (A16), (A19), (A20) and (A21), we can rewrite Eqs. (A19)-(A21) as
, we obtain
Finally, det M = 0 yields the relation between Ra and κ, as shown in Fig. 6 . Finally, we obtain Ra cr for three types of the boundary condition from 
where N is the number of sample particles in the cell. A collision pair is selected ν max times. The two particles selected induce a binary collision when the random number W (0 < W ≤ 1) satisfies
where g ø is the Møller's relative velocity for two particles selected.
Before and after the binary collision between particles 1 and 2, the total energy and total momentum of the binary particles must be conserved. The conservation of the energy E and the momentum p = (p 1 , p 2 , p 3 ) before and after a binary collision is written as
E and p are related as follows
In this paper, a binary collision is calculated using the following algorithm:
(a) Calculate the total energy (E tot ) and total momentum (p tot = (p 
where φ 1 , φ 2 , M (φ, ϕ) and N (r) are given by
where r is a random number in the range of 0 ≤ r ≤ 2π, and φ and ϕ are given by
In our numerical analysis, 1638400 sample particles are simulated to solve the RBE in the numerical domain in Fig 
